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The main results of this paper can be summarized into the two following theorems.
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Remark that, even in the recurrent case, the range of the rotor walk grows at linear speed, which is not the case for simple random walks on regular trees. The methods of proving the above result are completely different for the transient and for the recurrent case, and the proofs will be done in separate sections.
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Range of rotor walks and its shape was considered also in \[[@CR5]\] on comb lattices and on Eulerian graphs. On combs, it is proven that the size of the range $\documentclass[12pt]{minimal}
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**Organization of the paper.** We start by recalling some basic facts and definitions about rotor walks and Galton--Watson trees in Sect. [2](#Sec2){ref-type="sec"}. Then in Sect. [3](#Sec5){ref-type="sec"} we prove Theorem [1.1](#FPar1){ref-type="sec"}, while in Sect. [4](#Sec11){ref-type="sec"} we prove Theorem [1.2](#FPar2){ref-type="sec"}. Then we prove in Theorem [5.3](#FPar21){ref-type="sec"} and in Theorem [5.5](#FPar23){ref-type="sec"} a law of large numbers for the range and the existence of the speed, respectively, for rotor walks on Galton--Watson trees. Finally, in "Appendix A" we look at the contour function of the range of recurrent rotor walks and its recursive decomposition.

Preliminaries {#Sec2}
=============

Rotor Walks {#Sec3}
-----------
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**Random initial configuration.** For the rest of the paper, we consider $\documentclass[12pt]{minimal}
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Galton--Watson Trees {#Sec4}
--------------------

Consider a Galton--Watson process $\documentclass[12pt]{minimal}
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Range on Regular Trees {#Sec5}
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The lemma below is a key observation that is crucial for the main results of this paper. For a proof, we refer to \[[@CR1]\].

Lemma 3.1 {#FPar4}
---------
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For proving Theorem [1.1](#FPar1){ref-type="sec"}, we shall treat the three cases separately: the positive recurrent, null recurrent and transient case.

Recurrent Rotor Walks {#Sec6}
---------------------
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### Positive Recurrent Rotor Walks {#Sec7}
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#### Theorem 3.2 {#FPar5}
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### Null Recurrent Rotor Walks {#Sec8}

In this section, we consider null recurrent rotor walks, that is $\documentclass[12pt]{minimal}
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#### Theorem 3.3 {#FPar8}
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#### Proof {#FPar9}
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#### Proof of Theorem 1.1(ii) {#FPar10}
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Transient Rotor Walks {#Sec9}
---------------------

We consider here the transient case on regular trees, when $\documentclass[12pt]{minimal}
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### Notation 3.4 {#FPar11}

*For the rest of this section, we will always condition on the event of non-extinction, so that*$\documentclass[12pt]{minimal}
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### Proof of Theorem 1.1(iii) {#FPar14}
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Uniform Rotor Walks {#Sec10}
-------------------
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Note that only in the case of the binary tree $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {T}}_2$$\end{document}$, the limit values for the range of the uniform rotor walk and of the simple random walk are equal, even though the uniform rotor walk is null recurrent and the simple random walk is transient. In the transient case, that is, for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\ge 3$$\end{document}$ we always have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha > (d-1)/d$$\end{document}$.

Speed on Regular Trees {#Sec11}
======================

In this section, we prove the existence of the almost sure limit $\documentclass[12pt]{minimal}
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Recurrent Rotor Walks {#Sec12}
---------------------

### Proof of Theorem 1.2(i) {#FPar17}
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Transient Rotor Walks {#Sec13}
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Since in the transient case there is a positive probability of extinction of $\documentclass[12pt]{minimal}
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### Proof of Theorem 1.2(ii) {#FPar18}
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Rotor Walks on Galton--Watson Trees {#Sec14}
===================================

The methods we have used in proving the law of large numbers and the existence of the rate of escape for rotor walks $\documentclass[12pt]{minimal}
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Range and Speed on Galton--Watson Trees {#Sec15}
---------------------------------------
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### Theorem 5.3 {#FPar21}
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Finally, we also have the existence of the rate of escape.

### Theorem 5.5 {#FPar23}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {T}}$$\end{document}$ be a Galton--Watson tree with offspring distribution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi $$\end{document}$ and mean offspring number $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {E}}[\xi ]=\mu >1$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(X_n)$$\end{document}$ is a rotor walk with random $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {Q}}$$\end{document}$-distributed initial configuration on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {T}}$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu =\xi \cdot {\mathcal {Q}}$$\end{document}$, then there exists a constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l_{{\mathcal {T}}}\ge 0$$\end{document}$, such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lim _{n\rightarrow \infty }\frac{|X_n|}{n} =l_{{\mathcal {T}}},\quad {\mathsf {RGW}}-\text {almost surely}. \end{aligned}$$\end{document}$$(i)If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(X_n)_{n\in \mathbb {N}}$$\end{document}$ is recurrent, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l_{{\mathcal {T}}}=0$$\end{document}$.(ii)If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(X_n)_{n\in \mathbb {N}}$$\end{document}$ is transient, then conditioned on non-extinction of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {T}}^{\mathsf {good}}$$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} l_{{\mathcal {T}}}=\frac{(q-f'(q))(1-q)}{q+q^2-f'(q)(2q^2-q+1)}, \end{aligned}$$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q>0$$\end{document}$ is the extinction probability of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {T}}^{\mathsf {good}}_d$$\end{document}$.

The constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l_{{\mathcal {T}}}$$\end{document}$ is in the following relation with the constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{{\mathcal {T}}}$$\end{document}$ from Theorem [5.3](#FPar21){ref-type="sec"} in the null recurrent and in the transient case:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 2\alpha _{{\mathcal {T}}}-l_{{\mathcal {T}}}=1. \end{aligned}$$\end{document}$$

Simulations on Galton--Watson Trees {#Sec16}
-----------------------------------

We present here some simulation data about the growth of the range for a few one parameter families of Galton--Watson trees, for which the rotor walk is either recurrent or transient, depending on the parameter. In the table below, the Galton--Watson trees we use in the simulation are presented.Fig. 2Plots of the linear growth coefficients of the size of the range for rotor walk (solid lines) and simple random walk (dashed lines) on the Galton--Watson trees $\documentclass[12pt]{minimal}
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Appendix A: The Contour of a Subtree {#Sec17}
====================================
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As in the proofs of the law of large numbers for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|R_n|$$\end{document}$, we look first at the times when the rotor walk returns to the root. Recall the definition of the return times $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\tau _k)$$\end{document}$, as defined in ([5](#Equ5){ref-type=""}), for recurrent rotor walks. Write again $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {R}}_k = R_{\tau _k}$$\end{document}$ for the range up to time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau _k$$\end{document}$ of the *k*-th return of the rotor walk $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(X_n)$$\end{document}$ to the sink, and denote by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_k(x) = {\mathbb {E}}\big [f_{{\mathcal {R}}_k}(x)\big ]$$\end{document}$ the expected contour after the *k*-th excursion, that is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_k(x) = \sum _{m=1}^\infty m {\mathbb {P}}\big [f_{{\mathcal {R}}_k}(x) = m\big ]$$\end{document}$. Recall that we are in a case of a random initial configuration $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {T}}_d$$\end{document}$, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {E}}[\rho (v)]\ge 1$$\end{document}$. The distribution of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {P}}\big [\rho (v) = i\big ] = r_i\ge 0$$\end{document}$. Some additional notation will be needed. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i = 0,\ldots ,d$$\end{document}$ let$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} p_i = \sum _{j=0}^{i-1} r_j, \qquad q_i = \sum _{j = i}^d r_j. \end{aligned}$$\end{document}$$For each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x = (x_1,x_2,\ldots ) \in [0, 1]$$\end{document}$, we can now compute the probability $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {P}}\big [f_{{\mathcal {R}}_1}(x) = m+1\big ]$$\end{document}$ that the rotor walk visits the first *m* vertices of the ray represented by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x_1,x_2,\ldots )$$\end{document}$ before taking a step back toward the sink vertex. Once the rotor walk makes a step toward the sink, it cannot further explore the ray *x* without first returning to the sink vertex. Furthermore, the depth the walk can explore the ray before returning depends only on the initial rotor state along the vertices of the ray. Below, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_{{\mathcal {R}}_1}(x) = 1$$\end{document}$ means that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_1$$\end{document}$ is not in the range of the walk after the first full excursion, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_1$$\end{document}$ being a vertex at level 1. We get the following$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathbb {P}}\big [f_{{\mathcal {R}}_1}(x) = 1\big ]&= \left. {\left\{ \begin{array}{ll} r_1+r_2+\dots +r_d&{}\quad \text {if } x_1 = d-1, \\ r_2+\dots +r_d&{}\quad \text {if } x_1 = d-2, \\ &{}\quad \vdots \\ r_d&{}\quad \text {if } x_1 = 0 \end{array}\right. }\right\} = q_{(d-x_1)}.\\ {\mathbb {P}}\big [f_{{\mathcal {R}}_1}(x) = 2\big ]&= \left. {\left\{ \begin{array}{ll} r_0 &{} \quad \text {if } x_1 = d-1, \\ r_0+r_1 &{} \quad \text {if } x_1 = d-2, \\ &{} \quad \vdots \\ r_0+r_1+\dots +r_{d-1} &{} \quad \text {if } x_1 = 0 \end{array}\right. }\right\} \\&\;\;\cdot \left. {\left\{ \begin{array}{ll} r_1+r_2+\dots +r_d&{}\quad \text {if } x_2 = d-1, \\ r_2+\dots +r_d&{}\quad \text {if } x_2 = d-2, \\ &{}\quad \vdots \\ r_d&{}\quad \text {if } x_2 = 0 \end{array}\right. }\right\} \\&= p_{(d-x_1)} q_{(d-x_2)} \end{aligned}$$\end{document}$$For the general case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m\ge 1$$\end{document}$, we get$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathbb {P}}\big [f_{{\mathcal {R}}_1}(x) = m\big ] = \left( \prod _{i = 1}^{m-1} p_{(d-x_i)}\right) \cdot q_{(d-x_m)}. \end{aligned}$$\end{document}$$After completing the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(m-1)$$\end{document}$-st excursion, all rotors in the visited set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {R}}_{m-1}$$\end{document}$ point toward the sink *o*. Hence, before completing the *m*-th excursion, the walk will visit all boundary points of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {R}}_{m-1}$$\end{document}$. At each boundary point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w\in \partial {\mathcal {R}}_{m-1}$$\end{document}$, the rotor walk makes a full excursion into the subtree rooted at *w* before exploring the rest of the boundary and finally returning to *o* to complete the excursion. Thus, the *m*-th excursion depends only on the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {R}}_{m-1}$$\end{document}$ and on the random initial states of the rotors on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {T}}_d{\setminus }{\mathcal {R}}_{m-1}$$\end{document}$.

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x = (x_1,x_2,\dots ) \in [0,1]$$\end{document}$ denote by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overleftarrow{x}^l = \{d^l x\} = (x_{l+1},x_{l+2},\dots )$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{\bullet \}$$\end{document}$ is the fractional part of a positive real number. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\ge 2$$\end{document}$ we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {P}}\big [f_{{\mathcal {R}}_k}(x) = 1\big ]=0$$\end{document}$ since between each return the tree is explored at least for one additional level. When $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\ge 2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m\ge 2$$\end{document}$:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathbb {P}}\big [f_{{\mathcal {R}}_k}(x) = m\big ] = \sum _{l=1}^{m-1} {\mathbb {P}}\big [f_{{\mathcal {R}}_1}(x) = l \big ]\cdot {\mathbb {P}}\big [f_{{\mathcal {R}}_{k-1}}(\overleftarrow{x}^l) = m-l\big ]. \end{aligned}$$\end{document}$$For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\ge 2$$\end{document}$ we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} g_k(x)&= {\mathbb {E}}\big [f_{{\mathcal {R}}_k}(x)\big ] = \sum _{m=1}^\infty m {\mathbb {P}}\big [f_{{\mathcal {R}}_k}(x) = m\big ]\\&= \sum _{m = 1}^\infty m \sum _{l=1}^{m-1} {\mathbb {P}}\big [f_{{\mathcal {R}}_1}(\overleftarrow{x}^l) = m-l\big ] \cdot {\mathbb {P}}\big [f_{{\mathcal {R}}_{k-1}}(x) = l\big ] \\&= g_{k-1}(x) + \sum _{l=1}^\infty g_1(\overleftarrow{x}^l) {\mathbb {P}}\big [f_{{\mathcal {R}}_{k-1}}(x) = l\big ]. \end{aligned}$$\end{document}$$Fig. 5**a** Expected contours of the range of uniform rotor walk on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {T}}_2$$\end{document}$ up to the completion of the first 4 excursions. **b** Normalized versions of the functions in **a**. **c** Expected contours $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_k$$\end{document}$ for a positive recurrent rotor walk on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {T}}_2$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_0 = 1/4$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_1 = 1/4$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_2 = 1/2$$\end{document}$. **d** Scaled versions of the functions in **c**

Figure [5](#Fig5){ref-type="fig"}a shows the plots of the functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_1, \ldots , g_4$$\end{document}$ for the uniform rotor walk on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {T}}_2$$\end{document}$, which clearly suggests the fractal nature of these functions. Note that for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in \{0,1\}$$\end{document}$ the shifted ray $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overleftarrow{x}^l$$\end{document}$ always equals *x*. Hence, the number of steps the rotor walk descends into the left- and rightmost rays in the *k*-th excursion is i.i.d. In view of the two relations $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_k(0) = k g_1(0)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_k(1) = k g_1(1)$$\end{document}$, it makes sense to look at the normalized versions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\tilde{g}}_k(x) = \frac{g_k}{k}(x)$$\end{document}$ (see Fig. [5](#Fig5){ref-type="fig"}b). Figure [5](#Fig5){ref-type="fig"}c, d shows corresponding plots for a positive recurrent rotor walk on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {T}}_2$$\end{document}$ with initial distribution given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_0 = 1/4$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_1 = 1/4$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_2 = 1/2$$\end{document}$.

### Theorem A.1 {#FPar24}

Set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_0\equiv 0$$\end{document}$. Then for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in [0,1]$$\end{document}$ and all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\ge 1$$\end{document}$, we have the self similar equations:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} g_k\left( \frac{x+i}{d}\right) = 1 + \big (1-p_{(d-i)}\big ) g_{k-1}(x) + p_{(d-i)}g_k(x), \end{aligned}$$\end{document}$$for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\in \{0,\ldots ,d-1\}$$\end{document}$.

### Proof {#FPar25}

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in [0,1]$$\end{document}$ we identify *x* with its *d*-ary expansion $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x=(x_1,x_2,x_3,\ldots )$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x = \sum _{i=1}^\infty x_i\cdot d^{-i}$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_i \in \{0,\ldots ,d-1\}$$\end{document}$. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\in \{0,\ldots ,d-1\}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x=(x_1,x_2,x_3,\ldots )$$\end{document}$, we have the correspondence$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{x+i}{d} = (i,x_1,x_2,x_3,\ldots ) \end{aligned}$$\end{document}$$and thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overleftarrow{\left( \frac{x+i}{d}\right) }^l = \overleftarrow{x}^{l-1}$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l\ge 1$$\end{document}$. It follows that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {P}}\big [f_{{\mathcal {R}}_1}\left( \frac{x+i}{d}\right) = 1\big ] = q_{(d-i)}$$\end{document}$ and for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m\ge 2$$\end{document}$, as a consequence of ([29](#Equ29){ref-type=""})$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathbb {P}}\left[ f_{{\mathcal {R}}_1}\left( \frac{x+i}{d}\right) = m\right]&= p_{(d-i)}\left( \prod _{i=2}^{m-1}p_{(d-x_i)}\right) q_{(d-x_m)} \\&= p_{(d-i)} {\mathbb {P}}\big [f_{{\mathcal {R}}_1}(x)=m-1\big ]. \end{aligned}$$\end{document}$$We first look at the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k=1$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} g_1\left( \frac{x+i}{d}\right)&= {\mathbb {P}}\left[ f_{{\mathcal {R}}_1}\left( \frac{x+i}{d}\right) = 1\right] + \sum _{m\ge 2} m {\mathbb {P}}\left[ f_{{\mathcal {R}}_1}\left( \frac{x+i}{d}\right) = m\right] \\&=q_{(d-i)} + \sum _{m\ge 2} m p_{(d-i)}{\mathbb {P}}\big [f_{{\mathcal {R}}_1}(x)=m-1\big ] \end{aligned}$$\end{document}$$which in turn equals$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&=q_{(d-i)} +p_{(d-i)}\sum _{m\ge 1} (m+1){\mathbb {P}}\big [f_{{\mathcal {R}}_1}(x)=m\big ] \\&=q_{(d-i)} +p_{(d-i)}\sum _{m\ge 1} m{\mathbb {P}}\big [f_{{\mathcal {R}}_1}(x)=m\big ] + p_{(d-i)}\sum _{m\ge 1} {\mathbb {P}}\big [f_{{\mathcal {R}}_1}(x)=m\big ] \\&= q_{(d-i)} +p_{(d-i)} + p_{(d-i)}g_1(x)=1 + p_{(d-i)}g_1(x). \end{aligned}$$\end{document}$$Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_0(x) = 0$$\end{document}$, by definition the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k=1$$\end{document}$ follows. We now look at the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\ge 2$$\end{document}$. By the convolution formula ([30](#Equ30){ref-type=""}), we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&{\mathbb {P}}\left[ f_{{\mathcal {R}}_k}\left( \frac{x+i}{d}\right) = m\right] \\&\quad = \sum _{l=1}^{m-1} {\mathbb {P}}\left[ f_{{\mathcal {R}}_1}\left( \frac{x+i}{d}\right) = l \right] \cdot {\mathbb {P}}\left[ f_{{\mathcal {R}}_{k-1}}\left( \overleftarrow{\left( \frac{x+i}{d}\right) }^l\right) = m-l\right] \\&\quad ={\mathbb {P}}\left[ f_{{\mathcal {R}}_1}\left( \frac{x+i}{d}\right) = 1 \right] \cdot {\mathbb {P}}\left[ f_{{\mathcal {R}}_{k-1}}\left( \overleftarrow{\left( \frac{x+i}{d}\right) }^1\right) = m-1\right] \\&\quad \quad +\sum _{l=2}^{m-1} {\mathbb {P}}\left[ f_{{\mathcal {R}}_1}\left( \frac{x+i}{d}\right) = l \right] \cdot {\mathbb {P}}\left[ f_{{\mathcal {R}}_{k-1}}\big (\overleftarrow{x}^{l-1}\big ) = m-l\right] \end{aligned}$$\end{document}$$which equals$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&=q_{(d-i)}\cdot {\mathbb {P}}\left[ f_{{\mathcal {R}}_{k-1}}(x) = m-1\right] \\&\quad +p_{(d-i)}\sum _{l=2}^{m-1} {\mathbb {P}}\left[ f_{{\mathcal {R}}_1}(x) = l-1 \right] \cdot {\mathbb {P}}\left[ f_{{\mathcal {R}}_{k-1}}\big (\overleftarrow{x}^{l-1}\big ) = m-l\right] \\&=q_{(d-i)}\cdot {\mathbb {P}}\left[ f_{{\mathcal {R}}_{k-1}}(x) = m-1\right] \\&\quad +p_{(d-i)}\sum _{l=1}^{m-2} {\mathbb {P}}\left[ f_{{\mathcal {R}}_1}(x) = l \right] \cdot {\mathbb {P}}\left[ f_{{\mathcal {R}}_{k-1}}\big (\overleftarrow{x}^l\big ) = m-1-l\right] \\&=q_{(d-i)}\cdot {\mathbb {P}}\left[ f_{{\mathcal {R}}_{k-1}}(x) = m-1\right] +p_{(d-i)} {\mathbb {P}}\left[ f_{{\mathcal {R}}_k}(x) = m-1\right] , \end{aligned}$$\end{document}$$where in the last step we use the convolution formula ([30](#Equ30){ref-type=""}) again in reverse. Thus,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} g_k\left( \frac{x+i}{d}\right)&= \sum _{m=2}^\infty m {\mathbb {P}}\left[ f_{{\mathcal {R}}_k}\left( \frac{x+i}{d}\right) = m\right] =q_{(d-i)} \sum _{m=2}^\infty m {\mathbb {P}}\left[ f_{{\mathcal {R}}_{k-1}}(x) = m-1\right] \\&\quad + p_{(d-i)}\sum _{m=2}^\infty m {\mathbb {P}}\left[ f_{{\mathcal {R}}_k}(x) = m-1\right] \\&=q_{(d-i)} \sum _{m=1}^\infty (m+1) {\mathbb {P}}\left[ f_{{\mathcal {R}}_{k-1}}(x) = m\right] \\&\quad + p_{(d-i)}\sum _{m=1}^\infty (m+1) {\mathbb {P}}\left[ f_{{\mathcal {R}}_k}(x) = m\right] \\&= q_{(d-i)} \big (g_{k-1}(x) + 1\big ) + p_{(d-i)}\big (g_k(x) + 1\big ) \\&= 1 + (1-p_{(d-i)}) g_{k-1}(x) + p_{(d-i)}g_k(x), \end{aligned}$$\end{document}$$which proves the theorem in the general case. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

**Some comments.** It may be interesting to understand on which graphs, other than regular and Galton--Watson trees, does the Einstein relation ([1](#Equ1){ref-type=""}) hold. Other classes of trees such as periodic trees are definitely a good candidate.

One can also look at finer estimates such as law of iterated logarithm, or central limit theorems for the range and the speed for rotor walks on regular trees.
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